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1. Introduction
Since Chang [1] introduced the concept of compactness to [0, 1]-topological space, many researchers have tried
successfully to generalize the compactness theory of general topology to fuzzy setting (see [2–11]).
In an L-topology, open sets were fuzzy, but the topology comprising those open sets was a crisp subset of LX . Fuzzification
of openness was first initiated by Höhle [12] in 1980 and later developed to L-subsets of LX independently by Kubiak [13]
and Šostak [14] in 1985. In 1991, Ying [15] studied Höhle’s topology and called it fuzzifying topology.
There have been some works about fuzzy compactness in L-fuzzy topological spaces (see [16–24]). In the sense of
[16–18,20–22], an L-fuzzy set is either fuzzy compact or not. Considering the measure of fuzzy compactness, the notion
of compactness degrees was presented in L-fuzzy topological spaces [23,24] and furthermore it was investigated in [19,
25–27].
The aim of this paper is to present a new notion of fuzzy compactness degrees in L-fuzzy topological spaces with the help
of implication operator ‘‘7→’’. Some properties of fuzzy compactness degrees are researched.
2. Preliminaries
Throughout this paper, (L,
∨
,
∧
,′) is a complete DeMorgan algebra (i.e., complete lattice with order-reversing
involution) [28]. The smallest element and the largest element in L are denoted by⊥ and>, respectively.
We say that a is wedge below b in L, denoted by a ≺ b, if for every subset D ⊆ L,∨D ≥ b implies d ≥ a for some d ∈ D.
A complete lattice L is completely distributive if and only if b = ∨{a ∈ L : a ≺ b} for each b ∈ L. For any b ∈ L, define
β(b) = {a ∈ L : a ≺ b}. Some properties of β can be found in [29,30].
In a complete DeMorgan frame L, there exists a binary operation 7→. Explicitly the implication is given by a 7→ b =∨{c ∈ L | a ∧ c ≤ b}.
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It is easy to check the following properties of 7→.
(1) (a 7→ b) ≥ c ⇔ a ∧ c ≤ b;
(2) a 7→ b = > ⇔ a ≤ b;
(3) a 7→ (∧i bi) =∧i (a 7→ bi);
(4)
(∨
i ai
) 7→ b =∧i (ai 7→ b).
We interpret [a ≤ b] as the degree to which a ≤ b, i.e., [a ≤ b] = a 7→ b.
Definition 2.1 ([12,31,14]). An L-fuzzy topology on a set X is a map τ : LX → L such that
(1) τ(>) = τ(⊥) = >;
(2) ∀U, V ∈ LX , τ(U ∧ V ) > τ(U) ∧ τ(V );
(3) ∀Uj ∈ LX , j ∈ J , τ(∨j∈J Uj) >∧j∈J τ(Uj).
τ(U) can be interpreted as degree to which U ∈ LX is an open set; τ ∗(U) = τ(U ′) is called the degree of closedness of
U . ∀U ⊆ LX , τ (U) =∧A∈U τ(A)will be called the degree of openness ofU. The pair (X, τ ) is called an L-fuzzy topological
space.
A map f : (X, τ )→ (Y , δ) is called continuous with respect to L-fuzzy topologies τ and δ if τ(f←L (U)) > δ(U) holds for
all U ∈ LY , where f←L is defined by f←L (U)(x) = U(f (x)), x ∈ X .
For a subfamilyΦ ⊆ LX , 2(Φ) denotes the set of all finite subfamilies ofΦ .
Definition 2.2 ([23,24]). An L-fuzzy inclusion on X is a mapping ⊂˜ : LX × LX → L defined by the equality ⊂˜(A, B) =∧
x∈X
(
A′(x) ∨ B(x)).
In what follows, we shall write [A⊂˜B] instead of ⊂˜(A, B).
Definition 2.3 ([9]). Let (X, τ ) be an L-fuzzy topological space, a ∈ L \ {⊥} and G ∈ LX . A subfamily U in LX is called a
Qa-cover of G if a ≤ [G⊂˜∨U].
Lemma 2.4 ([28,9]). Let f : X → Y be a set map. The fuzzy powerset operators f→L : LX → LY and f←L : LY → LX define by
f→L (a)(y) =
∨{a(x) : f (x) = y}, f←L (b) = b ◦ f . Then for any P ⊆ LY , we have that∧
y∈Y
(
f→L (G)
′(y) ∨
∨
B∈P
B(y)
)
=
∧
x∈X
(
G′(x) ∨
∨
B∈P
f←L (B)(x)
)
.
3. Measures of fuzzy compactness
In order to generalize the notion of fuzzy compactness to L-fuzzy topological spaces, let us recall fuzzy compactness in
L-topology, firstly.
Let (X, T ) be an L-topological space. G ∈ LX is fuzzy compact if and only if for every family U ⊆ T , it follows that[
G⊂˜∨U] 6∨V∈2(U) [G⊂˜∨V]([9]).
ForU ⊆ T we define χT (U) = >, where χT (U) = ∧A∈U χT (A); χT (A) = >, when A ∈ T , χT (A) = ⊥, when A 6∈ T
and [
G⊂˜
∨
U
]
6
∨
V∈2(U)
[
G⊂˜
∨
V
]
⇔
[[
G⊂˜
∨
U
]
6
∨
V∈2(U)
[
G⊂˜
∨
V
]]
= >.
ThenG ∈ LX is fuzzy compact if and only if for every familyU ⊆ LX , it follows that τ(U) 6 [[G⊂˜∨U] 6∨V∈2(U) [G⊂˜∨V]].
Therefore we can naturally introduce the notion of fuzzy compactness degrees as follows:
Definition 3.1. Let τ : LX → L be a map. ∀G ∈ LX , let
cdτ(G) =
∧
U⊆LX
[
τ(U) 6
[[
G⊂˜
∨
U
]
6
∨
V∈2(U)
[
G⊂˜
∨
V
]]]
=
∧
U⊆LX
(
τ(U) 7→
([
G⊂˜
∨
U
]
7→
∨
V∈2(U)
[
G⊂˜
∨
V
]))
=
∧
U⊆LX
(∧
A∈U
τ(A) 7→
(∧
x∈X
(
G′(x) ∨
∨
A∈U
A(x)
)
7→
∨
V∈2(U)
∧
x∈X
(
G′(x) ∨
∨
A∈V
A(x)
)))
.
If (X, τ ) be an L-fuzzy topological space, Then cdτ(G) is called the fuzzy compactness degree of Gwith respect to τ .
Obviously, G is fuzzy compact in L-topological space T if and only if cdχT (G) = >.
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The following lemma is obvious by the properties of operation 7→.
Lemma 3.2. Let (X, τ ) be an L-fuzzy topological space and G ∈ LX . Then cdτ(G) ≥ a if and only if for anyU ⊆ LX ,
τ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
.
By Lemma 3.2 we can easily obtain the following result.
Theorem 3.3. Let (X, τ ) be an L-fuzzy topological space and G ∈ LX . Then
cdτ(G) =
∨{
a ∈ L : τ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
for anyU ⊆ LX
}
.
Remark 3.4. In an I-topological space (X, T ), S˘ostak defined respectively the compactness spectrum C(G) and the
compactness degree c(G) of a fuzzy subset G as follows:
C(G) =
{
b ∈ [0, 1] : b ≤
[
G⊂˜
∨
U
]
⇒ b ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
,∀U ⊆ T
}
,
c(G) = inf([0, 1] \ C(G)) (inf∅ = 1).
By Theorem 3.3 we know that c(G) ≤ cdχT (G) in I-topological space (X, T ). But in general, c(G) 6= cdχT (G). This can be
seen from the following example.
Let X = [a, b] be a closed interval and let T = {>} ∪ {0.5∧ χA : A ∈ δ}, where δ denotes the natural topology on X . It is
easy to check that c(0.5 ∧ χX ) = 0.5 < 1 = cdχT (0.5 ∧ χX ). Moreover c(>) = 0.5 < 1 = cdχT (>).
In order to write simple, ‘‘for anyU ⊆ LX ’’ will be omitted in the following description under the circumstances without
causing confusion.
Theorem 3.5. Let (X, τ ) be an L-fuzzy topological space. Then ∀G,H ∈ LX , cdτ(G ∨ H) ≥ cdτ(G) ∧ cdτ(H).
Proof. By Theorem 3.3 we have
cdτ(G ∨ H) =
∨{
a ∈ L : τ(U) ∧
[
(G ∨ H)⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
(G ∨ H)⊂˜
∨
V
]}
=
∨{
a ∈ L : τ(U) ∧
[
G⊂˜
∨
U
]
∧
[
H⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
∧
[
H⊂˜
∨
V
]}
≥
∨{
a ∈ L : τ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]}
∧
∨{
a ∈ L : τ(U) ∧
[
H⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
H⊂˜
∨
V
]}
= cdτ(G) ∧ cdτ(H). 
Theorem 3.6. Let (X, τ ) be an L-fuzzy topological space. Then ∀G,H ∈ LX , cdτ(G ∧ H) ≥ cdτ(G) ∧ τ ∗(H).
Proof. By Theorem 3.3 we have
cdτ(G ∧ H) =
∨{
a ∈ L : τ(U) ∧
[
(G ∧ H)⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
(G ∧ H)⊂˜
∨
V
]}
=
∨{
a ∈ L : τ(U) ∧
[
G⊂˜H ′ ∨
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜H ′ ∨
∨
V
]}
≥
∨{
a ∧ τ ∗(H) : τ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]}
= cdτ(G) ∧ τ ∗(H). 
Corollary 3.7. Let (X, τ ) be an L-fuzzy topological spaces. Then ∀G ∈ LX , cdτ(G) > cdτ(>) ∧ τ ∗(G).
944 H.-Y. Li, F.-G. Shi / Computers and Mathematics with Applications 59 (2010) 941–947
Theorem 3.8. Let τ1, τ2 : LX → L be two maps and satisfy τ2 6 τ1. Then ∀G ∈ LX , cdτ1(G) 6 cdτ2(G).
Proof. It is straightforward by Theorem 3.3. 
Corollary 3.9. Let (X, τ1), (X, τ2) be two L-fuzzy topological spaces and satisfy τ2 6 τ1. Then ∀G ∈ LX , cdτ1(G) 6 cdτ2(G).
Corollary 3.10. Let (X, τ ) be an L-fuzzy topological spaces and let B be a base or subbase [32–34] of τ . Then ∀G ∈ LX ,
cdτ (G) 6 cdB(G).
Theorem 3.11. Let f : X → Y be a set map, τ1 be an L-fuzzy topology on X, τ2 be an L-fuzzy topology on Y , and f : (X, τ1)→
(Y , τ2) be continuous. Then cdτ2
(
f→L (G)
) ≥ cdτ1(G).
Proof. This can be proved from the following inequality.
cdτ2(f
→
L (G)) =
∨{
a ∈ L : τ2(U) ∧
[
f→L (G)⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
f→L (G)⊂˜
∨
V
]
,∀U ⊆ LY
}
≥
∨{
a ∈ L : τ1(f←L (U)) ∧
[
G⊂˜
∨
f←L (U)
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
f←L (V)
]
,∀U ⊆ LY
}
≥
∨{
a ∈ L : τ1(R) ∧
[
G⊂˜
∨
R
]
∧ a ≤
∨
S∈2(R)
[
G⊂˜
∨
S
]
,∀R ⊆ LX
}
= cdτ1(G). 
4. The generalized Tychonoff theorem
In this section, we suppose that L be completely distributive.
Let τ : LX → L be a map and a ∈ L. We define τa = {A ∈ LX : τ(A) ≥ a}. If (X, τ ) be an L-fuzzy topological space, then
∀a ∈ L, τa is an L-topology.
Lemma 4.1. Let (X, τ ) be an L-fuzzy topological space and G ∈ LX . Then cdτ(G) ≥ a if and only if ∀b ≤ a, ∀r ∈ β(b), each
Qb-cover U ⊆ τb of G has a finite subfamily V which is a Qr -cover of G.
Proof. (Necessity) Suppose cdτ(G) ≥ a. Then ∀U ⊆ LX , τ(U) ∧
[
G⊂˜∨U] ∧ a ≤∨V∈2(U) [G⊂˜∨V] by Lemma 3.2.
∀b ≤ a, ∀r ∈ β(b), ifU ⊆ τb is a Qb-cover of G, then b ≤ τ(U) and b ≤
[
G⊂˜∨U]. Hence b ≤ τ(U) ∧ [G⊂˜∨U] ∧ a.
We have that r ∈ β(b) ⊆ β(∨V∈2(U) [G⊂˜∨V]). ThereforeU has a finite subfamily V which is a Qr -cover of G.
(Sufficiency) Suppose ∀b ≤ a, ∀r ∈ β(b), each Qb-coverU ⊆ τb of G has a finite subfamily V which is a Qr -cover of G.
∀U ⊆ LX , ∀r ∈ M(L), if r ∈ β(τ(U) ∧ [G⊂˜∨U] ∧ a), then there exists b ∈ β(τ(U) ∧ [G⊂˜∨U] ∧ a) such r ∈ β(b).
We have that b ≤ a, τ(U) ≥ b and b ≤ [G⊂˜∨U], i.e.,U ⊆ τb is a Qb-cover of G. HenceU has a finite subfamily V which
is a Qr -cover of G. We can obtain that r ≤∨V∈2(U) [G⊂˜∨V]. Therefore τ(U)∧ [G⊂˜∨U]∧ a ≤∨V∈2(U) [G⊂˜∨V]. Thus
cdτ(G) ≥ a. 
Lemma 4.2. Let (X, τ ) be an L-fuzzy topological space and let φ be a subbase of τ . Then
cdτ(G) =
∨{
a ∈ L : φ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]}
.
Proof. cdτ(G) ≤∨{a ∈ L : φ(U) ∧ [G⊂˜∨U] ∧ a ≤∨V∈2(U) [G⊂˜∨V]} is obvious by Corollary 3.10.
We only need to prove that
cdτ(G) ≥
∨{
a ∈ L : φ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]}
Suppose ∀U ⊆ LX , φ(U) ∧ [G⊂˜∨U] ∧ a ≤∨V∈2(U) [G⊂˜∨V].
∀b ≤ a,∀s ∈ β(b),∀r ∈ β(s), if U ⊆ φs is a Qb-cover of G, then φ(U) ≥ s and b ≤
[
G⊂˜∨U]. We have that
r ∈ β(φ(U) ∧ [G⊂˜∨U] ∧ a) ⊆ β(∨V∈2(U) [G⊂˜∨V]). ThusU has a finite subfamily V which is a Qr -cover of G.
Now, we need to prove that ∀b ≤ a, ∀r ∈ β(b), each Qb-coverU ⊆ τb of G has a finite subfamily V which is a Qr -cover
of G.
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Suppose that there exist b ≤ a, r ∈ β(b) andU ⊆ τb such thatU is a Qb-cover of G, butU does not have any subfamily
is Qr -cover of G. Let
Γ = {P : U ⊆ P ⊆ τb,P is a Qb-cover of G and P does not have any subfamily is Qr -cover of G}
Then (Γ ,⊆) is a nonempty partially ordered set and each chain has an upper bound, hence by Zorn’s Lemma, Γ has a
maximal elementΩ . Now we prove thatΩ satisfies the following conditions:
(i)Ω ⊆ τb,Ω is a Qb-cover of G, butΩ does not have any subfamily is Qr -cover of G;
(ii) B ∈ LX , τ(B) ≥ b, if C ∈ Ω and C ≥ B, then B ∈ Ω;
(iii) B, C ∈ LX , τ(B) ≥ b, τ (C) ≥ b, if B ∧ C ∈ Ω , then B ∈ Ω or C ∈ Ω .
We only verify (iii). If B 6∈ Ω and C 6∈ Ω , then {B}∪Ω 6∈ Γ and {C}∪Ω 6∈ Γ . This implies that there exist finite subfamily
V1 and V2 ofΩ such that V1 ∪ {B} and V2 ∪ {C} are Qr -cover of G, i.e., r ≤
[
G⊂˜∨(V1 ∪ {B})] and r ≤ [G⊂˜∨(V2 ∪ {C})].
We take thatW = V1 ∪ V2. Then r ≤
[
G⊂˜∨(W ∪ {B})] and r ≤ [G⊂˜∨(W ∪ {C})]. Thus r ≤ [G⊂˜∨(W ∪ {B ∧ C})]. We
can obtain thatΩ has a finite subfamilyW which is Qr -cover of G by B ∧ C ∈ Ω . This contradicts (i), (iii) is proved.
From (ii) and (iii), it is immediate that if D ∈ Ω , P1, P2, . . . , Pn ∈ τb and D ≥ P1 ∧ P2 ∧ · · · ∧ Pn, then there exists
i(1 ≤ i ≤ n) such that Pi ∈ Ω .
Since r ∈ β(b), there exists s ∈ β(b) and r ∈ β(s). Let Ψ = {A ∈ Ω : φ(A) ≥ s}. If Ψ is a Qb-cover of G, then Ψ has a
finite subfamily is a Qr -cover of G, this contradicts (i). Therefore we have b 6≤
[
G⊂˜∨Ψ ]. This implies that there exists an
x ∈ X , such that for any A ∈ Ψ , r 6≤ G′(x) ∨ A(x).
By (i), we know that b ≤ τ(Ω) and b ≤ (G′ ∨∨Ω) (x) for any x ∈ X . Hence there exists D ∈ Ω such that
r ∈ β (G′(x) ∨ D(x)).
Now we prove that ∀t ∈ β(b), φt = {B ∈ LX , φ(B) > t} is a subbase of τb.∀t ∈ β(b),∀B ∈ τb, we have that
t ∈ β(b) ⊆ β(τ(B)) = β
 ∨∨
λ∈Λ
Vλ=B
∧
λ∈Λ
∨
(u)β∈ΛλWλβ=Vλ
∧
β∈Λλ
φ(W Bλβ)

⊆
⋃
∨
λ∈Λ
Vλ=B
⋂
λ∈Λ
⋃
(u)β∈ΛλWλβ=Vλ
⋂
β∈Λλ
β(φ(W Bλβ)).
Hence there exist {Vλ}λ∈Λ such that
(B1)
∨
λ∈Λ Vλ = B;
(B2) for each λ ∈ Λ, there exists {W Bλβ}β∈Λλ satisfying (u)β∈ΛλW Bλβ = Vλ;
(B3) for each β ∈ Λλ, t ∈ β(φ(W Bλβ)),
i.e., there exists {W Bλβ}λ∈Λ,β∈Λλ ⊆ φt such that
∨
λ∈Λ(u)β∈ΛλW Bλβ = B.
Let D =∨i∈I(u)j∈JiAij, where Aij ∈ φs. Then there exists i ∈ I such that
r ∈ β
(
G′(x) ∨
∧
j∈Ji
Aij(x)
)
⊆
⋂
j∈Ji
β
(
G′(x) ∨ Aij(x)
)
.
This implies that r ∈ β (G′(x) ∨ Aij(x)) for each j ∈ Ji. By D ≥ ∧j∈Ji Aij we know that there is j ∈ Ji such that Aij ∈ Ω , this
contradicts r 6≤ G′(x) ∨ Aij(x).
By Lemma 4.1 the proof is obtained. 
Theorem 4.3. Let (X, τ ) be the product L-fuzzy topological space of {(Xj, τj)}j∈J . ∀G = ∏j∈J Gj ∈ L∏j∈J Xj , cdτ(G) >∧
j∈J cdτj(Gj), where Gj ∈ LXj for any j ∈ J .
Proof. Let φ : LX → L, φ(A) =∨j∈J∨p←j (Aj)=A τj(Aj) for any A ∈ LX be subbase of τ and G =∏j∈J Gj ∈ L∏j∈J Xj .
In order to prove cdτ(G) >
∧
j∈J cdτj(Gj), let
∧
j∈J cdτj(Gj) = a. Then for any j ∈ J , cdτj(Gj) ≥ a. By Lemma 4.2, we only
need to prove that
∀U ⊆ LX , φ(U) ∧
[
G⊂˜
∨
U
]
∧ a ≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
. (1)
∀U ⊆ LX , ∀b ∈ β (φ(U) ∧ [G⊂˜∨U] ∧ a), we have that b ∈ β (φ(U)), b ∈ β ([G⊂˜∨U]) and b ∈ β (a).
∀A ∈ U, there exists j ∈ J and Aj ∈ LXj such that b ∈ β(τj(Aj)) by b ∈ β (φ(U)) = β(∧A∈U∨j∈J∨p←j (Aj)=A τj(Aj)). Let
Ui = {Ai ∈ LXi : p←i (Ai) = A, A ∈ U} and Bi = {p←i (Ai) : Ai ∈ LXi , p←i (Ai) = A, A ∈ U}, i ∈ I ⊆ J . We can obtain that
U =⋃i∈I Bi and ∀i ∈ I ⊆ J , τi(Ui) ∧ [Gi⊂˜∨Ui] ∧ a ≤∨Vi∈2(Ui) [Gi⊂˜∨Vi].
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At the same time, for any x ∈ X , we have
b ∈ β
(
G′(x) ∨
∨
A∈U
A(x)
)
= β
(∨
j∈J
G′j(xj) ∨
∨
i∈I
∨
A∈Bi
A(x)
)
by b ∈ β
([
G⊂˜
∨
U
])
.
(1) If b ∈ β (∨j∈J G′j(xj)) for any x ∈ X , then obviously b ≤∨V∈2(U) [G⊂˜∨V]. This shows that inequality (1) is true.
(2) Suppose that b 6∈ β (∨j∈J G′j(xj)) for some x = {xj}j∈J ∈ X . Then b 6∈ β (G′j(xj)) for any j ∈ J . Now we prove
that there exists k ∈ I such that b ∈ β (G′k(yk) ∨∨Uk(yk)) for any yk ∈ Xk. If ∀i ∈ I , there exists yi ∈ Xi such
that b 6∈ β
(
G′i(yi) ∨
∨
B∈Ui B(yi)
)
. Let z = {zj}j∈J such that zj = yj when j ∈ I , zj = xj otherwise. By the equality
G′(z) = (∨j∈I G′j(yj)) ∨ (∨j6∈I G′j(xj)) ,we obtain that b 6∈ β(G′(z)).
Moreover for any i ∈ I , by the following fact
b 6∈ β
(∨
B∈Ui
B(yi)
)
= β
(∨
B∈Ui
P←i (B)(z)
)
= β
(∨
A∈Bi
A(z)
)
,
we have b 6∈ ⋃i∈I β (∨A∈Bi A(z)) = β (∨i∈I∨A∈Bi A(z)). This implies b 6∈ β (G′(z) ∨∨A∈U A(z)). This yields a
contradiction. Thus we obtain the proof that there exists k ∈ I such that b ∈ β (G′k(yk) ∨∨Uk(yk)) for any yk ∈ Xk.
This shows b ≤ [Gk⊂˜∨Uk]. Thus b ≤ τk(Uk) ∧ [Gk⊂˜∨Uk] ∧ a. We can obtain
b ≤
∨
Dk∈2(Uk)
[
Gk⊂˜
∨
Dk
]
=
∨
Dk∈2(Uk)
∧
yk∈Xk
(
G′k ∨
∨
Dk
)
(yk)
=
∨
Dk∈2(Uk)
∧
y∈X
(
P←k (G
′
k) ∨
∨
D∈Dk
P←k (D)
)
(y)
≤
∨
Dk∈2(Uk)
∧
y∈X
(
G′ ∨
∨
D∈Dk
P←k (D)
)
(y)
≤
∨
Vk∈2(Bk)
∧
y∈X
(
G′ ∨
∨
Vk
)
(y)
≤
∨
V∈2(U)
[
G⊂˜
∨
V
]
.
Thus we complete the proof of (1). Therefore cdτ(G) ≥ a =∧j∈J cdτj (Gj). 
The following example is from [29]. It shows that cdτ (G) =∧j∈J cdτj(Gj) is not true in Theorem 4.3.
Example 4.4. Take Y = {ai | i ∈ N}. For every i ∈ N, take
Xi = Y and δi = [0, 1]Xi , Ai(aj) =
{
1, j = 1,
1
i
, j > 2.
Then for every i ∈ N, Ai is clearly not fuzzy compact since ([0, 1]Xi , δi) is discrete. But from Example 10.3.4 in [29] we know
that A =∏i∈N Ai is N-compact in∏i∈N(Xi, δi), hence it is also fuzzy compact. Thus we have that
1 = cd∏
i∈N
δi(A) >
∧
i∈N
cdδi(Ai) = 0.
By Theorems 3.11 and 4.3 we can obtain the following corollary.
Corollary 4.5. Let (X, τ ) be the product L-fuzzy topological space of {(Xj, τj)}j∈J . Then cdτ(>) =∧j∈J cdτj (>j), where>j is the
largest element in LXj .
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